Abstract. It is well known that one could use a fixed loxodromic or parabolic element of a non-elementary group G ⊂ M (R n ) as a test map to test the discreteness of G. In this paper, we show that a test map need not be in G. We also construct an example to show that the similar result using an elliptic element as a test map does not hold.
Introduction
The discreteness has been a fundamental and important problem in M (R n )
since Jørgensen [2] established the following well-known discreteness criterion in 1976.
Theorem J ([2, Proposition 2]). A non-elementary subgroup G of M (R 2 ) is discrete if and only if each two-generator subgroup of G is discrete.
In 2004, Yueping Jiang [1] generalized Theorem J and proved the following.
Theorem Y ([1, Theorem 2]). Let G ⊂ M (R n ) be non-elementary. Then G is discrete if and only if W (G) is discrete and each two-generator non-elementary subgroup is discrete.
Here W (G) = {f ∈ G : f fixes every limit point of G}. Jiang also gave an example to show that the condition that "W (G) is discrete" is necessary when n ≥ 3.
In [8] , Xiantao Wang et al generalized Theorem J by using loxodromic or parabolic elements as follows. 
g is conjugate to f and ⟨f, g⟩ is non-elementary} ∪ {f }, W Y (G) = {g ∈ G : g fixes every fixed point of each loxodromic element of G}.
The novelty of Theorems W 1 and W 2 is that the discreteness of G is totally determined by a loxodromic (resp. parabolic) element of G.
See [3] ∼ [7] , [4] ∼ [14] for the generalization of Theorem J and other discussions in this line.
In this paper, we first make further generalizations of Theorems W 1 and W 2 and obtain Naturally, we may ask the following problem:
is discrete, and each non-elementary group ⟨f, gf g −1 ⟩ is discrete, where g ∈ G, then G is discrete.
We construct an example to show that Conjecture 1.4 does not hold. The example and the proofs of Theorems 1.1 and 1.2 will be presented in Section 3.
Preliminaries
For n ≥ 2, we denote by R n the one-point compactification of R n obtained by adding ∞. The group of orientation-preserving Möbius transformations of R n is denoted by M (R n ). We regard R n as the boundary at infinity of the hyperbolic (n + 1)-space H n+1 and let
g is called loxodromic if it has two fixed points in R n and none in H n+1 , parabolic if it has only one fixed point in R n and none in H n+1 , and elliptic if it has a fixed point in H n+1 .
g ∈ G} is called G-orbit of x. We call G elementary if G has a finite Gorbit. Otherwise, we say that G is non-elementary. The limit set L(G) of a non-elementary group G ⊂ M (R n ) is defined as follows:
, where the overline denotes the closure in H n+1 ∪ R n and
G(z) the G-orbit of z. We call points of L(G) limit points.
If there exists a sequence of distinct elements of G converging to the identity, then we say that G is not discrete. Otherwise, we say that G is discrete.
For g r = ( ar br cr dr ) ∈ M (R n ) (r = 1, 2), we define
The following lemma is crucial for our investigation.
Lemma 2.1 ([13, Theorem 11]).
Let 
Proofs of Theorems 1.1 and 1.2 and an example
It suffices to prove Theorem 1.1 since the proof of Theorem 1.2 is similar.
Proof of Theorem 1.1. Since G is non-elementary, under conjugation, we let σ(L(G)) be the minimal subspace of R n containing L(G) (cf. [7] ), and let h 1 , h 2 , . . ., h k ∈ G be loxodromic such that no two of them have any fixed point in common and the set {f ix(
Suppose, on the contrary, that G is not discrete. Then there exists a sequence {g i } ⊂ G of distinct elements converging to the identity as i → ∞. Since W Y (G) is finite, by choosing a subsequence of {g i } (still denoted by {g i }), if necessary, we may assume that there exists some h j , say h 1 , such that f ix(h 1 ) is not contained in f ix(g i ) for all i. Let f ix(h 1 ) = {a, b}, where a is the attractive fixed point of h 1 . We assume further that a is not fixed by each g i . We choose a neighborhood U of a such that b / ∈ U and U ∩ f ix(h j ) = ∅ for j = 2, 3, . . . , k. Then there exists an integer r such that f ix(h
by g i . Then we get a sequence {g i } ⊂ G of distinct elements converging to the identity as Let f be a rotation around R 2 of order p (p ≥ 3). Then f is an elliptic element acting on R 4 whose fixed point set is R 2 . Obviously, f / ∈ G, W Y (G) = ⟨I⟩ is finite but there exists no non-elementary group generated by f and gf g −1 for g ∈ G.
Remark 3.2. Example 3.1 shows that Conjecture 1.4 does not hold.
